NON-ANCIENT SOLUTION OF THE RICCI FLOW 
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Abstract. For any complete noncompact Kahler manifold with nonnegative and 
bounded holomorphic bisectional curvature,we provide the necessary and sufficient 
condition for non-ancient solution to the Ricci flow in this paper. 



1. Introduction 

Let M be any complex n-dimensional complete noncompact Kahler manifold with 
nonnegative and bounded holomorphic bisectional curvature, in this paper we always 
assume M satisfies this condition. The Ricci flow 

d 

I 1 - 1 ) -Q t 9 a p = ~R a p, 9 a p{x, 0) = g a p(x) 

evolves Kahler metric g a p on M by its Ricci tensor R a §. It was first introduced by Hamil- 
ton (PQ), in ([21) he divided a solution to the Ricci flow into three types, the first two types 
was called ancient solution, we call the last type by non-ancient solution, which is said 
that the Ricci flow has long time existence an < R(x, t) < jj^, where R(x,t)denotes the 
scalar curvature at time t and C is a positive constant. Chen-Zhu (0) proved non-ancient 
solution exists if M is a complete noncompact complex two-dimensional Kahler manifold 
with positive and bounded holomorphic bisectional curvature, its geodesic balls have Eu- 
clidean volume growth and its scalar curvature decays to zero at infinity in the average 
sense. They used this result to study the uniformization conjecture by Yau(jl]), which 
says that a complete noncompact Kahler manifold of positive holomorphic bisectional 
curvature is biholomorphic to a complex Euclidean space. They partially confirmed 
this conjecture in the case of n=2. Recently Ni and Tarn ([3]) studied the Ricci flow by 
solving the Poincare-Lelong equation, and got some nice results. 

In this paper, we combined with Ni and Tarn's results to obtain the necessary and 
sufficient condition for the non-ancient solution to the Ricci flow. That is : 

Theorem 1.1. Let M be above assumption ,then the Ricci flow (1.1) has non-ancient 
solution if and only if 

rr 

(1.2) / sk(x, s)ds < Clog{2 + r) 

Jo 

for some constants C > 0, Vx € M, r > 0, where 

k(x, s) = — r / R(x)dx 

V{x,s) J B (x,s) 

V(x,s) is the volume of the geodesic ball B(x, s) centered at x G M with radius s,R(x) is 
the scalar curvature of M. 
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2. The necessary condition for the solution 

For the convenience, we suppose C > be a various constant depending only on n in 
the following. 

Lemma 2.1. f]£jjLei M be above assumption, then there exists a constant C such that 
for Vx, y € M, 

(2-1) * {X ' f * < G(x, y) < Cd ^ V? 



CV(x, d(x, y))~ v ' yy " V(x, d(x, y)) 
^ 2 ' 2 ^ ' VG ^' y ~ V(x, d(x, y)) 

where d(x, y) denotes the distance between x and y with respect to g a g{x), V is the 
covariant derivative with respect to g a p(x), G(x, y) is the positive Green's function on 
M with respect to g a g(x). 

Theorem 2.2. Let M be above assumption, and the necessary condition holds, then 
there exists a constant C > such that for \/x G M, r > 0, we have 

f R(y)d(x, y) 2 

/ 777 — 77 y-dy < C log{2 + r) 

Jb(x,t) V{x, d{x, y)) 

Proof. Let g a a{x, t) be the solution of the Ricci flow (1.1) with g a a[x) as the initial 
metric. From the necessary condition, we know that the solution exists for all the times 
and satisfies 

C 

(2.3) < R(x, t) < on M x [0, +oo) 

1 I ^ 

Let F(x, t) = log ^^Z since = R ^ t] ~ R ^ 0) ' after 

taking trace with g a p(x, 0), we get 

(2.4) R(x, 0) = AF(x, t) + g a P(x, O)R a0 (x, t) 

where A is the Laplace operator of the metric g a p(x, 0). 
For any fixed xq G M and any a > 0, we denote 

ti a = {x £ M\G(x , x) > a} 

combining (2.1) with Shi's technique on M x C 2 (jB]), it is not hard to see that there 
exist a number d(a) > 1 such that 

d(a) 2 
V(x , d(a)) 

and a constant C > such that 

(2.6) B(x , C~ l d{a)) C fl a c B(x , Cd(a)) 

Recall that F(x, t) evolves by 

Combining with (2.3), we obtain 

(2.8) > F(x, t) > -Clog(l + t) 

Multiplying (2.7) by G(xq, x) — a and integrating over O a , we have 
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(2.9) / R(x, 0)(G(x , x) - a)dx 

= j (AF(x, t))(G(x , x) - a)dx + j g a ^(x, 0)R a ^(x, t)(G(x , x) - a)dx 

= - f F(x, t)^da - F(x , t) + j g a0 {x, O)R a0 (x, t)(G(x , x) - a)dx 

<C(l+ f ^-da)log{\ +t)+ f g a0 (x, 0)R aB (x, t)G(x , x)dx 
Jan a ov j na 

Here we use (2.8) and denote v by the outer unit normal of dd a - 
Integrating (2.9) from a to 2a and multiplying by ^, we get 

(2.10) / R(x, 0){G(x , x) - 2a)dx 

< C(l + - / / -^-dadj)log{l +t)+ g a P(x, 0)R aB (x, t)G(x , x)dx 
a Ja Jdn-, av Jn a 

It is easy to see that 

(2.11) - / R(x, 0)G(x o , x)dx < I R{x, 0)(G{x , x) - 2a)dx 

Using Shi's technique on M x C 2 and combining (2.1) with (2.5), we obtain that there 
exists a constant C > such that 

(2.12) C^dia) < d{j) < Cd{a),a < 7 < 2a. 
From the coarea formula, we have that 

(2.13) d**y = dG{ ^ x) dodv = \ &G{X ^ X) \da\du\ = \ 9 °^ X \ dx 

ov ov ov 

Combining (2. 2), (2. 5), (2. 6), (2. 12), (2. 13) and the standard volume comparison, we have 
that 

1 f 2a f dG(x ,x) 1 f 2a f dG(x ,x) 2 



a Ja Jdn^ dv a J a J m 



2a r rU^,\ CAI^Al 



>dx 
ov 



< c -l l < 

a Ja Jan,, 



d(l) «dx < ,„, Cd j a \ „ _ I dx 



V(x , d( 7 )) ; - a(V(x , C-H{a))) 2 J n 



a{V(xo, C l d{a))Y 
Substituting (2.14) and (2.11) into (2.10), we get that 

/ R(x, 0)G(x o , x)dx < Clog(l +t)+ g a ^(x, 0)R a p{x, t)G(x , x)dx 

Integrating this inequality from to t, we see that for any t > 0, 

j R(x, 0)G(x o , x)dx < Clog(l+t)+j j g a ^(x, 0)(g ajs (x, 0)-g a p(x, t))G(x , x)da 

C f 

< Clog{\ + t) + — / G(x , x)dx 
t Jn a 



4 QIHUA RUAN 1 AND ZHIHUA CHEN 2 

Finally, combining this inequality with (2.1) and (2.6), we have that there exists a con- 
stant C > such that for Vx G M, t > and r > 

/ R(x, 0) T/ / (X ?; X) ds < C(Z<* (1 + 1) + 

JB(x ,r) V(x , d{X , X)) t 

Choose t = r 2 , we can prove Theorem 2.2 . □ 



Lemma 2.3. (HI J.' Let M be above assumption, then the Poisson equation Au(x) = 
R{x) has a solution with sup |w(a;)| < Clog{2 + r) for a constant C > 0, Vr > 0, if 

x£B(xq, r) 

and only if 

rt 

sk(x, s)ds < C'log(2 + t) 



for a constant C > 0,Vi > |r. 

In the following, we prove the necessary part. 

Proof. From Lemma 2.3, it is sufficient to prove that the Poisson equation Au(x) = R(x) 
has a solution with sup 1^(^)1 < Clog(2 + r) . In fact, if t > |r, then from Lemma 

xdB(xQ, r) 

2.3 we can conclude the necessary condition, if t < ^r, since the scalar curvature is 
bounded, then J* sk(x, s)ds < C , so there always exists a constant C > such that 
jj sfc(a;, s)ds < C"/oy(2 + i) for all t > 0. 

To solve the poisson equation, we first construct a family of approximate solution u r 
as follows. 

For a fixed xo G M and Vr > 0, define u r (x) on B(xo, r) by 

u r (x) = / (G(x , y) - G(x, y))R{y)d{y) 

JB(x ,r) 

It is clear that u t {xq) = 0, and Au r (x) = R(x) on B(xq, r). For x G B(xq, |), we write 
Mz) = ( / + / )(G(a;o, 2/) - y))R{y)dy = h + h 

J B(x(,,r)\B{xQ,Ad{xQ,x)) J B{xo,id(xQ,x)) 

From Theorem2.2, we see that 

(2.15) | h |< Clog(2 + d(x, z )) on B(x 0> J) 

From(2.2), we have that for y G B(xq, r) \ 4d(xo, x), 

■ 



G(x , y) - G(x, y) \< d(x, x ) sup | V z G(z, y) 

zGB(xq, d(x, xo)) 



< Cd(x, xq) sup 

< C 



eB(x ,d(a!,a!Q)) ^( z > 2/)) 

d(a;, xo)d(x , y) 



V(x , d(x , y)) 
Combining this with Theorem2.2, we have that: 



(2.16) | h |< Cd(x, x ) 

Jb 



R{y)d(x , y) d 



(x ,r)\4d(x ,x) V(xq, d(xo, y)) 
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< Cd{x , s) > -j— / — --dy 

£-* 2 Wd(x, x Q ) JB(x ,2k+id(x,x ))\B( X0 ,2H(x,x )) v i x o, d(x , y)) 



OO -. 

<Cj2^k l °s(2 + 2 k+1 d(x, so)) 



2 k 

k=2 

< Clog(2 + d(s, s )) 

Hence, from (2.15) and (2.16), we deduce that 

I u r (x) |< Clog(2 + d(x, xq)) for r > 4d(xo, x). 

Therefore, it follows from the Schauder theory of elliptic equations that there exists 
a sequence of rj — > +oo such that u Tj (x) converges uniformly on compact subset of M 
to a smooth function u satisfying 

u(xq) = and An = R onM 
I u(x) |< Clog(2 + d(x, s )), for x G M 

Thus we proved the necessary part of Theoreml.l. □ 



3. The sufficient condition of the solution 

Lemma 3.1. (^\): Let M be above assumption, if there exists a constant C > 0, e > 0, 
such that 

C 

k(x , r) < for x G M, Vr > 

(1 + r j i+£ 

then the Ricci flow (1.1) has long time existence, R(x, t) is nonnegative and bounded. 

Lemma 3.2. (^): Let M be above assumption, then there exists a constant C > 0, 
such that for all (xq, t) G M x [0, +oo) 

n ^r/, t(l-m(t)) s f R ,, tm(t)(l-m(t)), 

-F(X , t) < C[(l + V R 2 ) J Sk ( X °> S ^ dS — 1 

where m(t) = inf^gM F(x, t) 

Now we can use Lemma3.1 and Lemma3.2 to prove the sufficient part. 
Proof. From the sufficient condition of Theoreml.l, we have 

rr 

i sk(x, s)ds < Clog(2 + r) 
J o 



On the other hand, 



/ sk(x, s)ds > / s— / R(y)dyds 

Jo Jo V{x, s ) Jb{x,s) 

> T77~ — \ / s / R(y)dyds 

V{x,r)Jr J B( ) 



3 ^,2 

> T7T — \ / R(y)dy 



V{x, r) J B {x,l) 
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Prom the standard volume comparison, we have that there exists a constant C and 
e > such that 

k(xo, r) < C n+£ , for x £ M, Vr > 0. 

Thus form Lemma3.1, we know that the Ricci flow has long time solution. 
From Lemma3.2, we have 

_ r/1 t(l-m(t)). f 2R t/ \ | tm(t)(l-TO(t)), 
-m(t) < C[(l + V o9 ) / sk(x , s)ds 



R 2 'J y u ' ' R 2 J 

Let R 2 = 2Ct{\ — m(t)), from the sufficient condition, we have 

(3.1) -m(t) < C7log(2 + 2i?) 

Since = —R(x, t), R(x, t) is bounded and F(x, 0) = 0, then —F(x, t) = 

f* R{x, s)ds < Ct, for all x G M, t > 0; So 

(3.2) -m(t) < Ct 
from(3.2), we have 

R 2 = 2Ci(l - m(t)) < Ct 2 

(3.3) < Ct 
Substituting(3.3) into (3.1), we get 

(3.4) -m(t) < Clog(2 + t) 

By Li-Yau-Hamilton type inequality [8]: ^ + j > 0, we know dtR ^' ^ > 0, then for all 
t >T, we have 

Ti?(x, T) < tR(x, t) 
r,R(x, r)- < R(x, t) 

I TR(x, T)-ds < [ R(x, s)ds < -F{x, t) < Clog(2 + 1) 
Jt s Jt 

TR(x, T) (log t - log T) < C log(2 + t) 

Let t — > +oo, we see that i?(x, T) < j^y, for some constant C > 0, all T > 0. 

So the Ricci flow has non-ancient solution. □ 

Corollary 3.3. Let M be above assumption, if J sk(x, s)ds < Clog(2 + r) for all 
x £ M, r > 0, anrf V(x, r) > Cr 2n for some constants C > 0, r > 0, i/ien M is 
diffeomorphic to R 2n in case n > 3. 

Proof. From Theoreml.l, we know that the Ricci flow has long time existence and 
< R(r, t) < j^,Let t — > +oo, we have R(x, t) — > +oo,it means that the Ricci flow 
will improves the injectivity radius to oo along the flow. The rest argument is the same 
as in section3 of 

□ 
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